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Abstract. The Coulomb exchange and correlation energy density functionals for electron systems are applied
to nuclear systems. It is found that the exchange functionals in the generalized gradient approximation pro-
vide agreements with the exact-Fock energy with one adjustable parameter within a few dozen keV accuracy,
whereas the correlation functionals are not directly applicable to nuclear systems due to the existence of the
nuclear force.
1 Introduction
Atomic nuclei are composed of protons and neutrons that
interact with one another through the nuclear and electro-
magnetic forces. The former, which is much stronger than
the latter, dominates the properties of atomic nuclei. Nev-
ertheless, in specific studies, it is crucial to evaluate con-
tribution of the latter to the properties of atomic nuclei.
The mass difference of the mirror nuclei and energy of the
isobaric analog state are such examples. In this report, we
focus on the recent studies of the Coulomb energy density
functionals (EDFs) of electron systems in the context of
atomic nuclei [1, 2] in the density functional theory (DFT)
[3, 4].
In the DFT for electron systems, the correlation energy
is considered as well as the Hartree and exchange ener-
gies, whereas in the nuclear DFT it is not considered ex-
plicitly. The correlation EDF is tested for nuclear systems,
where the local density approximation (LDA) is used, and
we have used the experimentally observed charge-density
distribution for quantitative calculations of selected nuclei
to avoid an error coming from the density [1].
To calculate Coulomb exchange energy, we carry out
self-consistent SkyrmeHartree-Fock calculations by using
the Perdew-Burke-Ernzerhof generalized gradient approx-
imation (PBE-GGA) Coulomb exchange functional [5] in-
stead of using the exact-Fock term, and the optimal value
of the free parameter µ that appears in the PBE-GGA func-
tional is also discussed [2].
2 Correlation Functional
The Coulomb correlation energies calculated by the charge
density distribution [6] in the LDA, ECc, for selected nu-
clei from light to heavy region are shown in Table 1. For
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comparison, the Coulomb exchange energies calculated in
the LDA, ECx, and the ratio ECc/ECx are also shown.
It is seen that in these calculations, ECc is all around
2% of ECx. However, Bulgac and Shaginyan [7, 8] eval-
uated that in atomic nuclei, ECc/ECx would be around
−40% to −20%, instead of 2%. Hypothetically, if there
is only Coulomb interaction since correlation always fur-
ther decreases the energy of the whole system, we have the
signs of the Hartree, exchange, and correlation energies as
ECd > 0, ECx < 0, and ECc < 0, respectively. In reality,
the correlation EDF is not separable at all. In Refs. [7, 8]
the correlation EDFs are written in terms of the response
functions, and such response functions are determined by
the total interaction, i.e., mainly by the attractive nuclear
part, instead of the repulsive Coulomb part. The total cor-
relation energy is still negative, mainly due to the contri-
bution of the nuclear interaction. As a result, the contribu-
tion of Coulomb interaction becomes positive, i.e., for the
Coulomb energies, ECc has the different sign as ECx. In
short, the correlation energy density functionals of elec-
tron systems cannot be applied directly to atomic nuclei.
It is also noted that the Coulomb correlation functional in
the GGA gives around 30–80% of ECc in the LDA.
Table 1. Coulomb correlation energies ECc for selected nuclei.
Energies are shown in MeV. Data are taken from Ref. [1].
Nuclei LDA ECx LDA ECc E
LDA
Cc
/ELDA
Cx
16O −2.638 −0.05218 1.978%
40Ca −7.087 −0.1329 1.875%
48Ca −7.113 −0.1332 1.873%
58Ni −10.28 −0.1879 1.828%
116Sn −18.41 −0.3361 1.826%
124Sn −18.24 −0.3356 1.840%
208Pb −30.31 −0.5524 1.823%
3 Exchange Functional
The GGA Coulomb exchange functionals have been pro-
posed as
ECx
[
ρch
]
= −
3
4
e2
4πǫ0
(
3
π
)1/3 ∫ [
ρch (r)
]4/3
F (s (r)) dr,
(1)
where ρch is the charge density distribution, F is the en-
hancement factor depending on the density gradient, and s
denotes the dimensionless density gradient
s =
|∇ρch|
2kFρch
, kF =
(
3π2ρch
)1/3
. (2)
In particular,
F (s) = 1 + κ −
κ
1 + µs2/κ
, (3)
is used in the PBE-GGA Coulomb exchange functional to
satisfy some physical conditions, and F ≡ 1 corresponds
to the LDA one, i.e., the Hartree-Fock-Slater approxima-
tion [9, 10]. The parameter κ = 0.804 is determined for
any value of µ by the Hölder inequality. In contrast, two
different values of µ have been widely used in the studies
of atoms [5] and solids [11], respectively. For the PBE-
GGA functional, µ = 0.21951 is determined by the ran-
dom phase approximation of the homogeneous electron
gas. Since this µ can be a different value for nuclear sys-
tems, the free parameter of the PBE-GGA Coulomb ex-
change functional, µ, is multiplied by a factor λ. For the
nuclear part, the SAMi functional [12] is used in the self-
consistent calculation. For comparison, the exact-Fock en-
ergies are also calculated [13].
The deviation of the Coulomb exchange energy ECx of
PBE-GGA from that of LDA, ∆ELDA
Cx
,
∆ELDACx =
ECx − E
LDA
Cx
ECx
(4)
are shown as a function of mass number A in Fig. 1.
It is found that in the light-mass region, to reproduce
the exact-Fock results, λ = 1.50 or more is required, while
in the medium-heavy- and heavy-mass regions λ = 1.25
reproduces well the exact-Fock results. The PBE-GGA
result with λ = 1.00 reproduces the exact-Fock result in
the case of the super-heavy nucleus 310126 since the ratio
of the surface region to the volume region in the super-
heavy nuclei is smaller than that in the medium-heavy or
heavy nuclei.
4 Conclusion
In these works [1, 2], the Coulomb exchange and correla-
tion EDFs in electron systems are applied to the nuclear
systems. On the one hand, the Coulomb correlation en-
ergy density functionals of electron systems are not appli-
cable for atomic nuclei, because these functionals are not
separable and the nuclear interaction determines proper-
ties of atomic nuclei mainly. On the other hand, the PBE-
GGA Coulomb exchange functional with λ = 1.25 repro-
duces the exact-Fock energy in the self-consistent Skyrme
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Figure 1. Deviation between the PBE-GGA and the LDA,
∆ELDA
Cx
defined as Eq. (4). Taken from Ref. [2].
Hartree-Fock calculations for atomic nuclei. It should be
emphasized that the numerical cost of the self-consistent
calculations with the PBE-GGA exchange functional is
O
(
N3
)
, whereas that with the exact-Fock term is O
(
N4
)
.
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